Abstract. In this paper, we study the Heegner points on more general modular curves other than X 0 (N ), which generalizes Gross' work "Heegner points on X 0 (N )". The explicit Gross-Zagier formula and the Euler system property are stated in this case. Using such kind of Heegner points, we construct certain families of quadratic twists of X 0 (36), with the ranks of Mordell-Weil groups being zero and one respectively, and show that the 2-part of their BSD conjectures hold.
Introduction
Let φ = ∞ n=1 a n q n be a newform of weight 2, level Γ 0 (N ), normalized such that a 1 = 1. Let K be an imaginary quadratic field of discriminant D and χ a (primitive) ring class character over K of conductor c, i.e. a character of Pic(O c ) where O c is the order Z + cO K of K. Let L(s, φ, χ) be the Rankin-Selberg convolution of φ and χ. Assume the Heegner condition:
(1) (c, N ) = 1, (2) Any prime p|N is either split in K or ramified in K with ord p (N ) = 1 and χ([p]) = a p , where p is the unique prime ideal of O K above p and [p] is its class in Pic(O c ). Under this condition, the sign of L(s, φ, χ) is −1 and Gross studies the Heegner points on X 0 (N ) in [7] . It's well known that X 0 (N )(C) parameterizes the pairs (E, C), with E an elliptic curve over C and C a cyclic subgroup of E of order N . By the Heegner condition, there exists a proper ideal N of O c such that O c /N ∼ = Z/N Z. For any proper ideal a of O c , let P a ∈ X 0 (N ) be the point representing (C/a, aN −1 /a), which is defined over the ring class field H c , the abelian extension of K with Galois group Pic(O c ) by class field theory. Such points are called Heegner points over K of conductor c and only depends on the class of a in Pic(O c ).
Let J 0 (N ) be the Jacobian of X 0 (N ) and the cusp [∞] on X 0 (N ) defines a morphism from X 0 (N ) to J 0 (N ) over Q: P → [P − ∞]. Let P χ be the point
[a]∈Pic (Oc) [P a − ∞] ⊗ χ([a]) ∈ J 0 (N )(H c ) ⊗ Z C and P φ χ the φ-isotypical component of P χ . Then under the Heegner condition, Cai-Shu-Tian [3] gives an explicit form of Gross-Zagier formula which relates height of P φ χ to L ′ (1, φ, χ). In fact, they give an explicit form of Gross-Zagier formula in general Shimura curve case.
Let the data (φ, K, χ) be as above, and generalize the Heegner condition to the following one ( * ):
Li Cai was supported by the Special Financial Grant from the China Postdoctoral Science Foundation 2014T70067. The modular curve now we have to consider is X K (N ) = Γ K (N )\H ∪ {cusps}. This modular curve is not the usual modular curve of the form X 0 (M ) any longer, if N 1 = 1. X K (N ) parameterizes (E, C, α) where E is an elliptic curve over C, C is a cyclic subgroup of E of order N 0 and α is an H-orbit of an isomorphism (Z/N 1 Z)
2 ≃ E[N 1 ], where
The readers are referred to [9] . Let h 0 be the fixed point of H under the action of K × . Note that
0 is an invertible ideal of O c , then the triple P = C/Z + Zh 0 ,
is a Heegner point on X K (N ). By CM theory, P ∈ X K (N )(K ab ). The conductor of P is also defined to be c, the conductor of O c . For details, see Section 2.
Assume φ corresponds to an elliptic curve E/Q, then there is a modular parametrization f : X K (N ) → E, taking ∞ to identity in E. It is unique in the sense that given two parametrizations f 1 , f 2 , there exist integers n 1 , n 2 such that n 1 f 2 = n 2 f 2 [3, Proposition 3.8]. Now we can formulate the following Gross-Zagier formula:
where ( . In another way, following the idea of Kolyvagin, these Heegner points form an "Euler system". There is a norm compatible relation between Heegner points of different conductors. See Theorem 2.13.
As an application of such kind of parametrization, we will construct a family of quadratic twists of an elliptic curve with Mordell-Weil groups being rank one. The action of complex conjugation on the CM-points of modular curve is a crucial point in the proof of the nontriviality of the Heegner point. For usual modular curve X 0 (N ), the complex conjugation is essentially the Atkin-Lehner operator. However, it does not keep for the modular curve X K (N ). We find the correct one, namely, the combination of local Atkin-Lehner operators? and the nontrivial normalizer of K × in GL 2 (Q). Denote this operator by w. Then f + f w is a constant map with its image a nontrivial 2-torsion point; see Lemma 3.8. This phenomenon and the norm compatible relation control the divisibility of Heegner cycles. Together with the Gross-Zagier formula, the divisibility of Heegner cycles deduces the 2-part of the BSD conjecture for our family of quadratic twists.
For each square free non-zero integer d = 1, we write E (d) for the twist of an elliptic curve E/Q by the quadratic extension Q( √ d)/Q. The results of [26] , [2] , [5] , [14] shows that there are infinitely many d such that L(E (d) , s) is nonvanishing at s = 1, and infinitely many d such that L(E (d) , s) has a simple zero at s = 1.
The work of [21] , [22] for the elliptic curve (X 0 (32), [∞] ) :
The work of [4] deals with the elliptic curve E = (X 0 (49), [∞] ) which has CM by √ −7, gets the similar results to [21] . Here, we construct a family of quadratic twists of E = (X 0 (36), [∞] ) such that the ranks of MordellWeil groups for this twists are one. 
is odd, and the p-part of the full BSD conjecture of E (−ℓM) holds for p ∤ 3ℓM .
The nontriviality of Heegner cycles and Gross-Zagier formula also implies the rank part of BSD conjecture, for
However, the proof of the 2-part of the BSD conjecture for E (−ℓM) needs that for E (M) . A new feature of this paper is that we give a parallel proof of the BSD conjecture for E (M) , that is, using the Waldspurger formula and the norm property of Gross points. For the induction method using in [4] , [23] , there is an embedding problem of imaginary quadratic fields to quaternion algebras which relating with the problem of representation integers by ternary quadratic forms (See also the argument before [4, Definition 5.5], [23, Section 2.1] and [13] ). The use of the norm property of Gross points avoids this emebdding problem.
If the data (φ, K, χ) satisfies that the root number ǫ(φ, χ) = +1, by [3] we can choose an appropriate definite quaternion algebra B over Q containing K, an order R of B of discriminant N with R ∩ K = O K and a "unique" function f :
Then with similar notations as for Gross-Zagier formula, we have the Waldspurger formula (See Theorem 2.14)
Moreover, the Gross points of different conductors also form an "Euler system"(See Section 2). The following theorem can be viewed as the rank zero version of Theorem 1.2: 
where E is an elliptic curve over C. By [9] , it parameterizes (E, (Z/N 0 ) 
Precisely, the class of z ∈ H in X K (N ) corresponds to the triple 
Proof. Consider the curve morphism X K (N ) → X 0 (N 0 ) over Q, which is the forgetful functor in the moduli aspect (E, C,
× and a scalar. So we have to prove there exists g
and multiply a scalar if necessary, we may assume
and a belong to a same class in Pic(O cm ), hence
Therefore there exists an integer N ′ 1 whose prime factors are prime factors of
The proof is completed Definition 2.2. Let a, N and u, v, g be as in the above lemma. A Heegner point on X K (N ) of conductor cm is a triple
.
Remark 2.3. This point corresponds to the point
As h 0 is fixed by x y z w ,
∈ K\Q and h
Proof. Let (a + bh
Then it is equivalent to (a + bh −1 0 ) ∈ a and (a + bh
0 ∈ a. The first condition implies a, b ∈ Z, then the second one is equivalent to bh and
is a Heegner point on X K (N ) of conductor c.
Example 2.1. Now we construct an admissible embedding K ֒→ M 2 (Q) as following. Since ℓ|N 0 implies that ℓ is split in K, there exists an integral ideal
Then there exists n ∈ Z and m ∈ N 0 such that
Take trace and norm, we get
It's easy to check that (a, b, N 0 ) = 1. Given an integer c such that (c, N ) = 1, we let the embedding i c : K −→ B be given by
We can see this embedding is normal in the sense of [18] , and
The modular curve X K (N ) depends on the admissible embedding K ֒→ M 2 (Q). However, we will prove that, all those modular curves given by admissible embeddings are isomorphic over Q.
If i ′ is another admissible embedding, and for any p|N 1 , H p and H ′ p are conjugate in GL 2 (Z/p ordpN1 Z), then we obviously have
In fact, H p is the image of following kind of morphism: 
Remark 2.8. If we change Z p to Q p , and Z p 2 to Q p 2 , this lemma is well-known.
Since Z p 2 is a discrete valuation ring and V i are torsion free, so V 1 , V 2 are both free Z p 2 -module of rank 1, so there exists an isomorphism g : V 1 → V 2 of Z p 2 -module, this isomorphism corresponds to an element of GL 2 (Z p ), also denoted by g. g is an isomorphism of Z p 2 -modules means that
Lemma 2.9. Let ζ N1 be a primitive N 1 -th root of unity. Then the cusp ∞ of
Proof. In the adelic language, we have the following complex uniformization
where R = R ⊗ Z Z and the cusps are
The cusps are all defined over Q ab . By [16, pp.507 ], if we let r : Q × /Q × → Gal(Q ab /Q) be the Artin map, then r(x) ∈ Gal(Q ab /Q) acts on the cusps by left multiplication the matrix x 0 0 1 . Since
via class field theory, which is Q(ζ N1 ).
In the following, we fix the embedding i c :
Atkin-Lehner operator. Take j = 1 0 a −1 , then kj = jk for all k ∈ K where k is the Galois conjugation of k. For each p | N 0 , let
be the local Atkin-Lehner operator. Define
Since w normalizes R × , it acts on X K (N ). For each p|N 0 , write N 0 = p k m with (p, m) = 1. Similar to the proof of lemma (2.1), we can choose
Modify it, we get w p P = C/Zh
In another words, consider the quotient map ξ :
, which is defined over Q, then the above argument says that ξ • w p = w p • ξ, where the action of w p on X 0 (N 0 ) is defined by [6, pp.90] .
To study the action of w on X K (N ), we can prove the following lemma:
Lemma 2.10. There exists t 0 ∈ K × and u ∈ R × such that w = t 0 ju.
So we choose ord p y = −k − ord p 2, x + ay ∈ Z p and such that a(x + ay) ∈ Z 
Lemma 2.10 in fact tells that the action of w is the composition of a Galois action and the complex conjugation.
Hecke correspondence. Let ℓ ∤ N be a prime, the Hecke correspondence on X U is defined by
where the sum is taken over all cyclic subgroups C i of E of order ℓ, α i is given by (Z/N 1 Z)
Form the cycle:
Theorem 2.12 (Explicit Gross-Zagier formula [3] ). We have the following equation
here φ is the normalized newform associated to E, µ(N, D) is the number of prime factors of (N, D), 
2.3. Euler System. Let S be a finite set of primes containing the prime factors of 6cN D K , N S denote the set of integers any of whose prime divisors is not in S. For any ℓ, m ∈ N S with ℓ a prime and ℓ ∤ m, let 
where T ℓ is the Hecke correspondence, Frob w is the Frobenius at w|ℓ in Gal(H m /K), and u m = 1 if m = 1 and
This theorem is proved in general by [10 2.4. Waldspurger Formula and Gross Points. Let φ = ∞ n=1 a n q n be a newform of weight 2, level Γ 0 (N ), normalized such that a 1 = 1. Let K be an imaginary quadratic field of discriminant D and χ a ring class character over K of conductor c. Let L(s, φ, χ) be the Rankin-Selberg convolution of φ and χ.
Assume that (c, N ) = 1. Denote by S the set of primes p|N satisfying one of the following conditions:
• p is inert in K with ord p (N ) odd;
• p|D, ord p (N ) = 1 and χ([p]) = a p where p is the prime of O K above p and [p] is its class in Pic(O c ); • p|D, ord p (N ) ≥ 2 and the local root number of L(s, φ, χ) at p equals −η p (−1) where η p is the quadratic character for K p /Q p . Then the sign of L(s, φ, χ) is +1. Let B be the definite quaternion algebra defined over Q ramified exactly at primes in S ∪ {∞}. Fix an embedding from K in B. Let R be an order in B with discriminant N and R ∩ K = O c . Denote byR = R ⊗ ZẐ and U =R × which is an open compact subgroup ofB × . Consider the Shimura set X U = B × \B × /U which is a finite set. A point in X U represented by x ∈B × is denoted by [x] . Note that for p|(D, N ), K × p normalizes U and then K × p acts on X U by right multiplication. Let 
where if x p corresponds to a lattice Λ, then s p is the lattice pΛ and the set {h p } is the set of sublattices Λ ′ of Λ with [Λ :
as following
• for any p |N , T p acts on V (φ, χ) by a p and S p acts trivially;
• for any p|(D, N ) with ord p (N ) ≥ 2, K × p acts on V (φ, χ) by χ p . Let f be a nonzero vector in V (φ, χ) and consider the period
where the embedding of K to B induces a map
Theorem 2.14 (Explicit Waldspurger formula [3]). We have the following equation
where the pairing f, f = There is an analogue to Heegner points, the so called Gross points. Let S be a set of finite places of Q containing all places dividing 6cN D. Let N S denote the set of integers whose prime divisors are not in S.
cm acts on x m by left multipication. This induces an action of Gal(H cm /K) on x m , also called the Galois action.
For each prime ℓ ∈ N S , fix an isomorphism
, and, under this isomorphism, we have 3. Quadratic Twists of X 0 (36)
The modular curve X 0 (36) has genus one and its cusp [∞] is rational over Q so that E = (X 0 (36), [∞] ) is an elliptic curve defined over Q. The elliptic curve E has CM by Q( √ −3) and has minimal Weierstrass equation
Note that its Tamagawa numbers are c 2 = 3, c 3 = 2 and E(Q) ∼ = Z/6Z is generated by the cusp [0] = (2, 3), we use T to denote the non-trivial 2-torsion point in the following. Denote by
. Then E (m) and E (−3m) are 3-isogenous to each other.
Lemma 3.1. Let D ∈ Z be a fundamental discriminant of a quadratic field. Then the sign for the functional equation of E
where ∞|D means that D < 0.
Proof. For each D, denote by
where L(s, E K ) is the base change L-function and it suffices to determine the sign of L(s, E K ). Note that the local components of the cuspidal automorphic representation for E at places 2 and 3 are supercuspidal with conductor 2, then by [19, Proposition 3.5] , the local root number for the base change L-function at places 2 (resp. 3) is negative if and only if 2|D (resp. 3|D). Meanwhile, the local root number at ∞ is positive if and only if D is positive and for any place not dividing 6∞ it is positive. Summing up, the result holds.
3.1. The Waldspurger Formula. Let B be the definite quaternion algebra over Q ramified at 3, ∞, then we know that
is the quadratic character associated to K. Embed K ֒→ B by sending √ −3 to k, which induces an embedding K × ֒→ B × . Let π = ⊗ v π v be the automorphic representation of B × A corresponding to E via the modularity of E and the Jacquet-Langlands correspondence. Let R = p R p be an order of B × defined as following. If
× is a uniformizer of B 3 ; for example, we may choose λ = k, which is also a uniformizer of K 3 . For p |6, R p = O B,p . Denote by U = R × . Then U is an open compact subgroup of B × . The local components of π have the following properties:
• π ∞ is trivial;
is one dimensional and π
is two dimensional. The first two properties are standard, while the last property comes from [3, proposition 3.8] . Then π U is a representation of B × 3 with dimension 2. As K × 3 -modules, π U = Cχ + ⊕ Cχ − where χ + is the trivial character of K × 3 and χ − is the nontrivial quadratic unramified character on K × 3 . This representation π U is naturally realized as a subspace of the space of the infinitely differentiable complex-valued functions
and is perpendicular to the spectrum consisting of characters (the residue spectrum). In fact, we have the following more detailed proposition:
(1) π U has an orthonormal basis f + , f − under the Petersson inner product defined by
with the Tamagawa measure Vol(
with χ 0 (g) = +1 (resp. = −1), valued in 0, ±1 with total mass zero, where χ 0 is the composition of the following morphisms:
Therefore,
B,2 and the last inclusion is given by the diagonal embedding.
Proof. The proof is elementary. Firstly, we prove that
, the claim follows from that for any g ∈ GL 2 (F 2 ), one may find h ∈ H and u ∈ O × K,2 such that g ≡ hu (mod 2Z 2 ). For the second claim, note that
where λ is any uniformizer of B × 3 . In particular, the action of H ∩ U 2 on B × 3 /U 3 is equal to the action of the group generated by some uniformizer. Hence
If we denote Z 9 the integer ring for the unramified quadratic extension field of Q 3 , then
and we can identify
while if NrU 3 = 1 + 3Z 3 . Therefore, by the approximation theorem, 
which is induced by the embedding Z . Moreover, we may assume ζ ≡ 1 + i (mod 1 + 3Z 9 ). To compute f (ζ a ̟ 3 ), since k ∈ H ∩ U 2 and f ∈ π U , we have
where k 3 denote the 3-component of k.
because the conjugate action of k 3 on Z 9 is the Galois conjugation. Thus
Thus, one may take f + and f − by
Finally, χ 0 is the non-trivial element in the residue spectrum of
× with χ 0 (g) = +1 (resp. = −1), valued in 0, ±1 with total mass zero. It is clear that f + and f − is an orthonormal basis of π U . We have completed the proof of Proposition 3.2.
Now let M = q 1 . . . q r with q i ≡ 5 (mod 12). For any q|M , taking an isomorphism
Denote by
Let χ M be the quadratic Hecke character of K associated to
Let H M be the ring class field of K of conductor M , i.e. the abelian extension of K with Galois group
where for any elliptic curve A over Q, Ω(A) is the real period for the Neron differential of A; and for simplicity, we let Ω = Ω(E); then the imaginary period of E is Ω − = Ω/ √ −3.
Proof. By Theorem 2.14,
Here,
and Vol(X U ) is the mass of U . By [3, Lemma 2.2],
where Vol(U ) is with respect to Tamagawa measures so that for any finite p = 3, Vol(
3.2. Rank Zero Twists. Keep the notations from the last section. Denote by
) be group of characters on A (resp. on A and factors through Gal(H
Note that each χ ∈ A /2A corresponds to an integer d|M , in the sense that χ corresponds to the extension
Proof. Choose primes q ∈ N S such that qd|M . Then
By Theorem 2.16, we have
So the proposition holds.
By Proposition 3.6, we have the equality
The values of f M | B ×2 are odd. In particular, y 0 is odd and
Proof. By the definition of f M , f M | B ×2 is odd if and only if for any
r as q i is inert in K. Hence
12
The Proof of Theorem 1.
The Tamagawa numbers of E (M) are: c 2 (E (M) ) = 3(resp. = 1) if M ≡ 1 (mod 8) (resp. otherwise), c 3 (E (M) ) = 2 and c q (E (M) ) = 2 for q|M . On the other hand, 
and consider the modular curve X K (N ). For the Heegner hypothesis case, X K (N ) = X 0 (36). For another case, the modular curve X K (N ) has genus one and by Lemma 2.9, the cusp [∞] is defined over Q. In fact, by [6, Example 11.7 .c], A := (X K (N ), [∞] ) is the elliptic curve
which is 3-isogenous to E. We have
For the Heegner hypothesis case (resp. the another case), take f to be the identity morphism on E (resp. on A). Denote by
Lemma 3.8. Take w ∈ GL 2 ( Q) the Atkin-Lehner operator defined in Section 2.1. Precisely, for the Heegner hypothesis case, w = j (36) w 2 w 3 while for another case, w = j (3) w 3 . Then w normalize R × and w = t 0 ju for some t 0 ∈ K × and u ∈ R × . Moreover, f + f w is a constant map and its image is not in 2E(Q) for the Heegner hypothesis case or not in 2A(Q) = {O} for the another case.
Proof. By Lemma 2.10, it suffices to prove the "Moreover" part.
For the Heegner hypothesis case, denote by Hom [∞] (X 0 (N ), E) the space of Q-morphisms from X 0 (N ) to E taking [∞] to O and Hom w . This equivalent to say w ∈ P (Q) R × with P the upper-triangler matrices in GL 2 . This holds since w 3 ∈ P (Q)R Write Isom Q (A) for the group of algebraic isomorphisms of A over Q and Aut Q (A) the subrgroup of algebraic isomorphisms over Q which fix O. Then Aut Q (A) = Z/2Z is generated by multiplication −1 and Isom Q (A) = t T × Aut Q (A) where t T : P → P + T for any P ∈ A.
Lemma 3.9. For any P ∈ A, P w3 = t T (P ) and P j (3) = −P .
Proof. In the above proof, we have seen that w 3 ∈ P U 3 . Thus [∞] w3 = [∞]. Hence for any point P , P w3 = t T (P ). On the other hand, P w = t T (−P ). Therefore, P = −P .
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Let M = i q i where q i are distinct positive integers ≡ 5 (mod 12). Denoted by χ M the quadratic character of K associated to the extension K( √ M )/K. Let P M ∈ X K (N )(H M ) be the Heegner point defined in 2.3. Consider
Proposition 3.10. Up to ±1,
Ω(E (−ℓM) ) = h K (P χM (f )).
Proof. By Theorem 2.12,
Since L(s, E, χ M ) = L(s, E (M) )L(s, E (−ℓM) ), and we have proved that L(s, E (M) ) is nonvanishing at s = 1,
As in in the proof of 3.5 By [25] , we know Ω(E (M) ) = Ω/ √ M and up to sign Ω(E (−ℓM) ) = Ω − / √ −ℓM , so up to sign
M √ ℓ Thus up to sign:
3.4. Rank One Twists. Let ℓ be a prime with ℓ ≡ 11 (mod 12). Denote by K = Q( √ −ℓ). We only prove Theorem 1.2 in the case ℓ ≡ 11 (mod 24), that is, 2 is inert in K and 3 is split in K, while its proof for the other case is similar.
Let M = q 1 · · · q r where q i are distinct primes such that q i ≡ 5 (mod 12) and inert in K. Denote by
